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Abstract. We study the relationship between n-cluster tilting modules over n repre- 
sentation finite algebras and the Euler forms. We show that the dimension vectors of 
cluster-indecomposable modules give the roots of the Euler form. Moreover, we show 
that cluster-indecomposable modules are uniquely determined by their dimension vec- 
tors. This is a generalization of Gabriel's theorem by cluster tilting theory. We call the 
above roots cluster-roots and investigate their properties. Furthermore, we provide the 
description of quivers with relations of n-APR tilts. Using this, we provide a generaliza- 
tion of BGP reflection functors. 
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1. Introduction 

Global dimension is one of the important invariants of algebras and it allows to measure 
the complexity of algebras. The algebras with global dimension are semisimple. The 
next fundamental class consists of the algebras with global dimension at most 1, which 
are characterized as path algebras up to Morita equivalence. With regard to this class, 
Gabriel gave the following famous theorem in 1972. 

Theorem 1.1 (Gabriel). Let K be an algebraically closed field, Q be a connected Dynkin 
quiver and qQ be the Euler form (Definition ^ 1\) of the path algebra KQ. 

(1) For any indecomposable KQ-module X , the dimension vector dimJT is a positive 
root of q Q . 

(2) The map X i— > dimA gives a bijection between the isomorphism classes of inde- 
composable KQ-modules and the positive roots of qQ. 
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A generalization of this notable theorem was given by many authors. One of them 
was given by [T)F\ INI \DR\ IKaj . where path algebras of non-Dynkin quivers were studied, 
and another was given by |B2[ |D] , where representation-directed algebras with global 
dimension 2 were studied. Let us point out that the notion of reflection functors |BGP| 
was inspired by the theorem and it led to tilting theory [APR! IBB[ IHR1[ |M[ [HJ IRic] , which 
is an important tool in modern representation theory of algebras. Thus this theorem plays 
a significant role in representation theory of algebras. 

The aim of this paper is to generalize Gabriel's theorem from the viewpoint of higher 
dimensional Auslander-Reiten theory, which was introduced by Iyama [HI [13] and has 
been developed by several authors [EHl EHJ [HH iHlOl iHZl [TOU EH]. It is also closely 
related to the recent studies of cluster tilting theory (see for example |Kel[ IKe2[ IRej ) . In 
higher dimensional Auslander-Reiten theory, n-representation-finite algebras (Definition 
12. 3|) are fundamental objects. Recall that we call an algebra n-representation-finite if its 
global dimension is at most n and it has an n-cluster tilting module, and we call a A- 
module cluster-indecomposable if it is isomorphic to an indecomposable direct summand 
of an n-cluster tilting module. Note that 1-representation-finite algebras are exactly path 
algebras of Dynkin quivers and any indecomposable module is cluster-indecomposable in 
this case (Remark I2.4p . 

Let us investigate path algebras over a Dynkin quiver in the context of Auslander-Reiten 
theory. For a Dynkin quiver Q, we have the following, where r and t~ are Auslander- 
Reiten translations. 

• Any indecomposable A'Q-module X is isomorphic to r % I for an integer i > and 
indecomposable injective KQ-module I. 

• Any indecomposable KQ-module X is isomorphic to r~ l P for an integer i > 
and indecomposable projective KQ-module P. 

Then for an n-representation-finite algebra A, we have the following (Proposition I2.5| ). 
where r n and t~ are n-Auslander-Reiten translations. 

• Any cluster-indecomposable A-module X is isomorphic to r^J for an integer i > 
and indecomposable injective A-module /. 

• Any cluster-indecomposable A-module X is isomorphic to t~ 1 P for an integer i > 
and indecomposable projective A-module P. 

We focus on this property and give a Gabriel-type theorem for algebras with the global 
dimension n. 

Our main results of the paper are given by the following theorem. 

Theorem 1.2 (Theorem 13.21 H~T2j) . Let A be an n-representation-finite algebra and q\ be 
the Euler form of A.. 

(1) For any cluster-indecomposable A-module X , the dimension vector dim A is a pos- 
itive root of q\. 

(2) The map X 1— > dimA gives a injection between the isomorphism classes of cluster- 
indecomposable A-modules and the positive roots of q\. 

We call the above positive roots cluster-roots (Definition I3.3() . Thus cluster-roots cor- 
respond bijectively to cluster-indecomposable modules, which is an analogue of Theorem 
11.11 In fact, when n = 1, cluster-roots and cluster- indecomposable modules coincide with 
positive roots and indecomposable modules, respectively. On the other hand, the map is 
not necessarily surjective if n > 1. Therefore our next aim is to characterize cluster-roots. 
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We give a complete description of cluster-roots by reflection transformations (Definition 
13. 6j) . which are linear transformations of the Grothendieck group. 

Theorem 1.3 (Theorem I4,10p . Let A be an n-representation-finite algebra and Q be the 
quiver of A. Assume that Q has an admissible ordering (Definition \2.12\) . We 

denote by t{ the reflection transformation associated with vertex i and c := ti . . .t\. 

(1) Any cluster-root can be written as c~ u pi for an integer u > and i G Qq, where 

Pi := t\ ■ ■ ■ . 

(2) Any cluster-root can be written as c v <ij for an integer v > and j G Qq, where 
<lj '■= • ■■ t j+l e j- 

Thus cluster-roots can be calculated in terms of linear algebra. Furthermore, we give 
the following terminology to characterize cluster-roots. 

Definition 1.4 (Definition EE}. We call x G ll $ -sign- coherent if <3? m (x) G Z> or 
$ m (x) G Z< for any m G Z and call x £ Z l ^-positive if $ m (x) G Z> for any m G Z, 
where $ is the Coxeter transformation (Definition I2.ip . 

Then we have the following result. 

Theorem 1.5 (Theorem 15 . 2[) . Cluster-roots are sign- coherent. Moreover, if n is even, 
then cluster-roots are $ -positive. 

We consider the converse for n = 2 and pose the following conjecture. 

Conjecture 1.6 (Conjecture I5.3j) . Let A be a 2-representation-finite algebra. Then $- 
positive roots are cluster-roots. This is equivalent, by Theorem ] 1. Si to that <I> -positive roots 
correspond bijectively to the isomorphism classes of cluster-indecomposable modules. 

We prove the conjecture for some classes of algebras. 

Theorem 1.7 (Corollary 15 . 8j) . If A is iterated tilted, then Conjecture 1 1 . 6\ is true. 

We now describe the organization of this paper. 

In section [21 we recall basic definitions and results about n-representation-finite algebras 
and n-APR tilting modules. An n-APR tilting module over an n-representation-finite alge- 
bra induces an equivalence between certain subcategories (Corollary 12. lip . This property 
plays a key role in this paper. 

In section 13.11 we explain the connection between the Coxeter transformation and n-AR 
translations. In particular, we show that the dimension vectors of cluster-indecomposable 
modules are roots of the Euler form. In section we introduce reflection transformations, 
which are linear transformations of the Grothendieck group. We will show that, in a nice 
subcategory, reflection transformations are compatible with the reflection functors. 

In section |U we define the Coxeter functors as a composition of reflection functors. 
Using them, we show that cluster-indecomposable modules can be constructed from a 
simple module by applying a sequence of the reflection functors. This is a generalization 
of well-known properties of BGP reflection functors. As a corollary, we give a description 
of cluster-roots in terms of reflection transformations. Moreover we prove that cluster- 
indecomposable modules are uniquely determined by their dimension vectors. 

In section [5j we study a characterization of cluster-roots. We introduce the notion of 
<3?-sign-coherence and <I>-positive. We show that cluster-roots are $-sign-coherent roots. 
Moreover, we conjecture that ^-positive roots are cluster-roots for n = 2. We show that 
this is true for a certain class of algebras. 
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Section[6]is independent from the previous sections. We give descriptions of n-APR tilts 
in terms of quivers with relations. Moreover, following [BGPJ, we give an interpretation 
of reflection functors in terms of linear representations of quivers. Then we explain the 
connection with the functors defined by n-APR tilting modules. 

Notations Let K be an algebraically closed field and we denote by D := Hom^(— , K). 
By an algebra A, we mean a basic, connected, finite dimensional algebra over K. All mod- 
ules are right modules. We denote by mod A the category of finitely generated A- modules 
and by addM the subcategory of mod A consisting of direct summands of finite direct 
sums of copies of M. The composition gf means first /, then g. We always assume that 
a quiver Q is finite, connected, acyclic with the number of vertices I (denote by |Qo| = 0- 
We denote by Qo vertices and Q\ arrows of Q and by a : s(a) — > e(a) the start and end 
vertices of an arrow or path a. We denote by KQ/(R) a path algebra KQ bound by a 
set of relations R. We denote by Pi,Ii,Si, respectively, the indecomposable projective, 
injective, simple KQ / (R)-module corresponding to the vertex i G Qq. 

Acknowledgement First and foremost, the author would like to thank Osamu Iyama 
for his support and patient guidance. Part of this work was done while he visited Trond- 
heim. He would like to thank Idun Reiten and Steffen Oppermann for their suggestions 
and kind advice for correcting his English, and thank all the people at NTNU for their 
hospitality. He is also grateful to Martin Herschend, Kota Yamaura and Takahide Adachi 
for their valuable comments and advice. 

2. Preliminaries 

In this section, we give a summary of definitions and results we will use in this paper. 
Throughout this paper, we always assume that the quiver Q is finite, connected, acyclic. 

2.1. Euler forms, Cartan matrix and Coxeter transformation. We recall some 
terminology. We refer to [ASS|, IRinlj for details. 

Definition 2.1. Let A be a basic finite dimensional algebra with a complete set {e\, . . . , e{\ 
of primitive orthogonal idempotents. Assume that A has finite global dimension n. 

• The Cartan matrix of A is the (I, Q-matrix 

C A = (dim(eiAe J ))i< iiJ <2. 

The Coxeter transformation of A is defined to be the matrix 

$ A = $ := {-l) n C\C K \ 

Note that this definition is slightly different from the ordinary Coxeter transformation (cf. 
[ASS, 3.14. Definition]). The difference is crucial in Lemma 13.11 

• The Euler form of A is the Z-bilinear form 

(-,-} : ll x 1} -» Z 

defined by (x,y) := x t (C^ 1 ) t y for x,y G l) . We define a quadratic form q\{x) := (x,x) 
and call a vector i£Z' root if q\(x) = 1. 

• For a A-module X, we denote the dimension vector by 

dimX := (dim(Xei), . . . , dim(Ae;)). 



Then we recall the following properties. 
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Lemma 2.2. Let A = KQ/{R) be a finite dimensional algebra with finite global dimension 
n. 

(1) We have (C t A C^ 1 )dhnPi = dim /,; for any i 6 Qq. 

(2) We have (x,y) = (-l) n (y, = <$(x),$(y)>. 

(3) For any X, Y" m mod A, we /iaue 

(djmX, dimY) = dimExt{(A, Y). 

i>o 

2.2. n-representation-finite algebras. In this paper, we mainly deal with n-representation- 
finite algebras. They were investigated in |HI1] H3"l [101} 1102] and, for n = 2, in [HI2j. See 
also related studies [HI [12] . 

Definition 2.3. We call a finite dimensional algebra A n-representation-finite (for a pos- 
itive integer n) if gl. dim A < n and there exists an n-cluster tilting A-module M, i.e. 

addM = {X £ mod A | Ext\(M,X) = for any < % < n}, 
= {X G mod A | Ext\(X, M) = for any < i < n}. 

We call a A-module AT cluster-indecomposable if A is isomorphic to an indecomposable 
direct summand of M. 

Remark 2.4. A basic 1-representation-finite algebra A is a path algebra of a Dynkin 
quiver. Indeed, an algebra A is 1-representation-finite if and only if it is representation- 
finite and hereditary. Then, by Gabriel's Theorem, we have A = KQ for a Dynkin quiver 
Q. 

Let A be a finite dimensional algebra with finite global dimension n. We denote by 
D & (mod A) the bounded derived category of mod A. Then we define the Nakayama functor 

v := DoMHom A (-,A) : £> b (modA) £> b (modA), 

and we write 

u n :=uo [- n ] : £> b (mod A) -> V b (mod A). 

Note that $ gives the action of v n on the Grothendieck group Ko(D b (mod A)). Moreover 
we define n-Auslander-Reiten translations by the following functors 

T n := DExt A (-, A) : mod A -> mod A, 

r~ := Ext^(DA, -) : mod A -> mod A. 

They are related to the functors f n and i/~ as follows. 

r n = H°(v n —) : mod A — > mod A, 

t~ = H°(u~—) : modA — »■ modA. 

Then we recall some important properties of n-representation-finite algebras. 

Proposition 2.5. [HI [E] Let A = KQ/{R) be an n-representation-finite algebra and M 
be a basic n-cluster tilting module. 

(1) There exist non-negative integers mi and a bijection a : Qq — > Qq such that T™*Li = 
P a(i) for any i € Qq. Moreover, we have M ^ ©^^(A) = ©^T* (DA). 

(2) We have an equivalence r n : add(M/A) — > add(M/DA) with a quasi-inverse t~ : 
add(M/DA) -> add(M/A). 
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(3) There exist the following functorial isomorphisms for any 1,7 6 add M and Z E 
mod A. 

Hom A (X Z) = DExtl(Z,T n X), HonT A (^,^) = -D Ext A (r~Y, Z). 

(4) We have HomA(r* (DA), ri(DA)) = for any i < j. 

(5) T n and t~ are nilpotent, i. e. = and t~ n = for a sufficiently large integer 
N. 

(6) We have r n ^ u n on add(M/A) and t~ ^ v~ on add(M /DA) . 

2.3. n-APR tilting modules. BGP reflection functors enable us to give a conceptual 
proof of Gabriel's theorem [BGP] . These functors are now formulated in terms of APR 
tilting modules [APR] . A relationship between path algebras of Dynkin quivers and APR 
tilting modules were generalized in [101], where the authors introduced the notion of 
n-representation-finite algebras and n-APR tilting modules. We briefly recall some defi- 
nitions and results. 

Definition 2.6. [10 1[ Definition 3.1] Let A be a basic finite dimensional algebra, A; be a 
sink of the quiver of A and Pk be a simple projective A-module. If inj.dimPfc = n and 
Ext A (DA, Pk) = for any < i < n, we call 

T k := r~P k A/P fe 

an n-APR tilting module. Dually we define n-APR cotilting modules. 

Note that we have an ordinary APR tilting module if n = 1. 

Recall that we call a A-module T tilting module of projective dimension n [M] if 
proj.dimT < n, Ext\ (T,T) = for 1 < i < n and there exists an exact sequence 
0— >A— > Tq ■ ■ ■ — > T n — > with Tj in addT. Then we have the following result. 

Proposition 2.7. [10 1[ Theorem 3.2] An n-APR tilting module is a tilting module of 
projective dimension n. 

It is a classical result that 1-representation-finite algebras (= path algebras of a Dynkin 
quiver) are closed under taking endomorphism algebras of APR tilting modules. The 
following proposition is a generalization of this property and shows that n-APR tilting 
modules behave nicely over n-representation-finite algebras. 

Proposition 2.8. [IQ1[ Theorem 4.2, 4.7] Let A be a basic n-representation-finite algebra 
and k be a sink of the quiver of A. 

(1) Pk satisfies Definition \2.6\ and admits the n-APR tilting modules Tk. 

(2) Fiiid\(Tk) is an n-representation-finite algebra. 

(3) Ext A (Tfc, is isomorphic to the simple injective Knd\(Tk) -module corresponding 
to the vertex k. 

Thus a sink vertex k becomes a source vertex of EndA(7fe). A more detailed description 
of the quiver and relations of EndA(Tfc) will be given in section By the above propo- 
sition, it is natural to ask a relationship between n-cluster tilting modules of mod A and 
modEndA(Tfc). For this purpose, we recall a result of tilting theory. 

Let T be a tilting A-module and F := EndA(T). Let X> b (modA) and P b (modr) be the 
bounded derived category of mod A and modT, respectively. Then we have functors 

F := MHom A (T, -) : D 6 (mod A) -»■ V b (modT), 

F; := Ext\(T, -) : mod A -> modT, 
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and we write 

jr.(T) = Ti := {X G mod A | Ext{(T, X) = for any j f »}, 
Xi(T) = Xi := {Y G modr | TorJ(Y, T) = for any j + i}. 
First we recall the following result of Happel. 

Lemma 2.9. [H] In the above set-up, F : D b (modA) — > £> b (modr) gives an equivalence 
and the restriction of the functor [i] o F gives an equivalence Fj : T{ — > X^. 

Next we give a relationship between the cluster tilting subcategories and J-q as follows. 

Lemma 2.10. Let A = KQ/(R) be an n-representation-finite algebra, k G Qo be a sink, 
T k be the corresponding n-APR tilting A-module and X be a cluster-indecomposable A- 
module. Then exactly one of the following holds. 

(1) X G T (T k ). 

(2) X^P k . 

Proof. Since T k and X are direct summands of the cluster tilting module, we have Ext\(T k , X) = 
for any < i < n. Clearly we have Ext\(Tfc, X) = for any i > n since gl. dim A < n. 
On the other hand, by Proposition 12.51 (3), we have 

Extl(T k ,X) * Ext£(r-p fc ,X) DR^ A (X, P k ). 

Assume that X G J-o(T k ). Then since we have Hom^(X, P k ) = 0, we have X % P k . 
Conversely if X % P k , we obtain Hom\(X,P k ) = since P k is simple projective. Hence 
we have X G T (T k ). □ 

Then by combining with Lemma 12.91 and 12.101 we have the next corollary. This is 
essentially shown in |IQ1[ Theorem 4.2]. 

Corollary 2.11. Let A = KQ/(R) be an n-representation-finite algebra, k G Qo be a 
sink, T k be the corresponding n-APR tilting A-module and put T := ~End\(T k ) . Denote by 
M and M' the basic n-cluster tilting modules of mod A and modr, respectively. Then, the 
functors HomA(Tfc, — ) and — <S>r T k induce quasi-inverse equivalences 

add(M/P fe ) ^ add(M74), 

where P k and I k denote the simple projective A-module and the simple injective T-module 
associated with k, respectively. 

Furthermore, we recall the following definition. 

Definition 2.12. Let Q be a finite, connected, acyclic quiver with \Qo\ = I. We call an 
ordering i\ . . . %i of the vertices of Q admissible if for each j, the vertex ij is a sink for the 
quiver obtained by removing vertices i\, . . . , from Q. 

Note that there exists an admissible ordering if Q is acyclic. Throughout this paper, 
we assume that Q has an admissible numbering (1 . . . I) for simplicity. 

Then, for an n-representation-finite algebra A = KQ/(R), we have n-APR tilted al- 
gebras defined inductively by A 1 := A, A 2 := End^i(Ti ),..., A' := End^-i(T;_i) from 
Proposition 12. 8\ where T, is the n-APR tilting A*-module associated with i. Note that 
the quiver of A* is also acyclic and has an admissible numbering. Explicit descriptions of 
n-APR tilted algebras are given in section [6l 
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Example 2.13. (1) Let A be the re-representation- finite algebra given by the following 
quiver with radical square zero relations. 



re + 1 -*■ re 

Then we have n-APR tilted algebras as follows. 

2 ■< 3 2 ^ 3 2 3 

\ =^ 1 \ \ ^ 

X / X 

re + l^-re n + l^-n n + l^-re 

All relations are radical square zero. 
(2) Let A be the 2-representation-finite algebra given by the following quiver with 
commutative relations and zero relations for each small half square. 



5 2 

/ \ / \ 
6 4 1. 

Then we have 2- APR tilted algebras as follows. 



3 3 3 




6 4^ 1 6-* 4 1 6^ 4 1. 



All relations are commutative relations and zero relations for each small half square 
More examples are given by [IOlj . 

3. Cluster-indecomposable modules and their properties 

3.1. Cluster-roots. In this subsection we will show that the dimension vectors of cluster- 
indecomposable modules give roots of the Euler form. Throughout this subsection, let 
A = KQ/(R) be an n-representation- finite algebra. 

First we give the following lemma, which is well-known for n = 1 (see for example [ARS , 
VIII. Proposition 2.2]). 

Lemma 3.1. Let $ be the Coxeter transformation and X be a cluster-indecomposable 
A-module. 

(1) If X is non-projective, then we have dim (r n X) = Q( dim X). 
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(2) If X is non-injective, then we have dim (r~ X) = <l>~( dim X). 

Proof. We only prove (1); the proof of (2) is similar. Since <3? gives the action of v n on the 
Grothendieck group i^o(^ b ( m od A)), we have d\m (v n X) = <&(dimX). On the other hand, 
we have v n X = r n X by Proposition 12.51 (6). Thus we obtain dim(r n X) = dim junX) = 
$(dimX). □ 

By using Lemma |3.1[ we have the following result. 

Theorem 3.2. Let A = KQ/(R) be an n-representation-finite algebra and q\ be the Euler 
form of A. Then for any cluster-indecomposable A-module X, the dimension vector dimX 
is a positive root of q\. 



Proof. By Proposition 12.51 (1). there exist non-negative integers j and i 6 Qq such that 

X — r- 7 T 

Then, by Lemma 13.11 we have 

dim A 7 " = ^(dim/j). 
Then, since Q is acyclic and by Lemma 12.21 we have 

g A (dimX) = ^(^(dimli)) 
= gA(dim/i) 

= ^(-ly'dimExti^,^) 

i>o 

= dimHom A (/j, Jj) 
= 1. 

Thus dim X is a root of q\. □ 

By this theorem, it is reasonable to use the following terminology. 

Definition 3.3. Let A be an n-representation-finite algebra. We call a root i £ Z 1 
cluster-root if there is a cluster- indecomposable module X such that dimX = x. 

By the above result and Proposition 12.51 (1), we can easily calculate cluster-roots by 
applying the Coxeter transformation to the dimension vectors of indecomposable injective 
(or projective) modules. 

Example 3.4. Let A be the following algebra with commutative relations and zero rela- 
tions for each small half square 



5 2 

/ \ / \ 
6 4 1. 

Then the Coxeter transformation $ is the matrix 



( 1 


-l 





1 





\ 


1 





-1 





1 





1 




















1 


-1 








1 





1 














V° 





1 
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Then the cluster-roots are given as follows 

dim/! = ( i | , dim/2 = | | I ,dmh = { o \ -<Wi - I ',' I - liim^ -1111 .dim/. 



dimP 2 = <j> ( dim /4) = ,djmP 4 = $( dim/ ; 




15 




dim& = $(dim/ 6 ) = ? • dimP = $^(dim/ 6 ) 



Furthermore, as we will show in section 3, cluster-indecomposable modules are uniquely 
determined by their dimension vectors. Thus we can find the number of cluster-indecomposable 
modules and their the dimension vectors by simple calculation. 

For later use, we will show that the Coxeter transformation has finite order. 

Proposition 3.5. Let be the Coxeter transformation of A. Then there exists an integer 
d such that <J? d = 1. 

Proof. Since the global dimension of A is finite, the dimension vectors of the complete 
set {dimPi, . . . , dim // } of the indecomposable projective modules generate the canonical 
basis of the free group Z\ Therefore it is enough to show that there exists an integer d 
such that <£ rf ( dim p) = dimPj for any i E Qq. 

By [Hill Theorem 1.1], A is a twisted fractionally Calabi-Yau algebra. Therefore there 
exist integers s,t such that u^A = A[t] in T> b (mod A) (see |HI1| Proposition 4.2]). Thus 
there exists an integer d such that <I> rf ( dim p) = dim P; for any i £ Qq. □ 

3.2. Reflection transformations. In [BGPJ, the authors showed that reflection functors 
were compatible with the action of the Weyl group in the Grothendieck group, and by 
using this property, they gave a conceptual proof of Gabriel's theorem. Following their 
results, we modify the classical reflection transformations, and show the commutativity 
with our reflection functors in a nice subcategory. This property plays an essential role 
for establishing relationships between cluster-indecomposable modules and cluster-roots. 

Definition 3.6. Let A = KQ/(R) be a finite dimensional algebra with finite global 
dimension n. Then for the Euler form (— , — } of A, the symmetrized Euler form (— , — ) is 
defined by 

i x >y) '■= \[{ x iv) + iv,x)]. 

For each i G Qo, we define Z-linear map given by 

Si : l) — > Z , Si(x) := x — 2(x,ej)ej, 

Si : ll -s- Z z , Si(x) := (xt, . . . ,Xi-i, {-l) n ~ 1 x i , x i+ i, . . .,x t ). 
We define ti := 5iSi : l) — > l) and call this a reflection transformation. 

Reflection functors are defined in terms of linear representations of quivers [BGPJ. They 
are now formulated in terms of APR tilting modules from a functorial viewpoint [APR] . 
Now we define reflection functors via n-APR tilting modules as follows. 
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Let A = KQ/{R) be an n-representation-finite algebra, k € Qo be a sink and T k be 
corresponding the re- APR tilting module and put T := EndA(Tfc). Then we define reflection 
functors 

T+ := Hom A (T fe , -) : mod A modT, 
T k := - ® r T k : modT mod A. 

Note that we have T^X = if and only if X is isomorphic to the simple projective 
A- module P k . Moreover if X is a cluster- indecomposable A- module and X ^ P k , we have 
T fe T+(X) ^ X by Corollary EH] 

Then we give a relationship between the reflection functors and reflection transforma- 
tions as follows. Here we use the notations J-q, Xq as defined in section [2T3l 

Proposition 3.7. Let A = KQ/(R) be an n-representation-finite algebra, k G Qq be a 
sink and T k be the corresponding n-APR tilting module. Put T := ~End\(T k ) . 

(1) Let X be an indecomposable A-module. If X € J-o(T k ), then T^X is an indecom- 
posable r -module and we have dim^T^X) = tfr( dim X). 

(2) Let Y be an indecomposable T-module. IfYG Xo(T k ), then T k Y is an indecom- 
posable A-module and we have dim(T^Y) = t^ 1 ( dim Y) . 

Proof. We only prove (1); the proof of (2) is similar. Since the functor gives an 
equivalence between Fo{T k ) and Xo(T k ) by Lemma [2.91 T^X is an indecomposable T- 
module. We denote by (dimX)j the i-th. coordinate of the dimension vector dim X for 
i € Qo- Assume that i^k. Then by Lemma 12.91 we have 

(dim(T+X)), = dimHom r (e 4 r,T+X) 

= dim Hom r (Hom A (T k , e; A) , Hom A (T k , X) ) 

= dimHomA(ejA,X) 

= (dim A), 

= (i fc (dimX))i. 

If i = k, we have 



(T+X)e fc Hom r (e fc r,T+A) 

^ Homp (HomA (T k ,r~P k ), HomA (T k , A) ) 
Hom A (r-p fc ,A). 

On the other hand, we have 

(sfc(dimX))fc = dimXeh - [(dimX,e fc ) + (e k ,dimX)] 
= -(djmX,e fc ). 

Then, by Lemma 12.21 and Lemma 13.11 we obtain 

(dimX,e fc ) = (-lf^fe^M) 

= (-l) n (dim(r-p fc ),dimA) 

= (-l) n ^(-l) J dimExt A (r-p fc ,A). 
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Since X G .Fo(T'k), we have Ylj>o(~ 1) J Ext A (r~Pfc, X) = Houla (T~Pfc, X). Hence we 
obtain 

(t fc (djmX)) fe = (-lr-HsfcCdjmA-))* 

= (-^-^-(dimX^fe)) 

= (-ir-H(-l)(-l) n dimHom A (r-P fc ,X)} 

= dimHom A (r~Pt,X). 

Thus we have shown that dim (T^X) = ^( dimX ). □ 

As an immediate consequence, we have the following. 

Corollary 3.8. Let A = KQ/(R) be an n-representation-finite algebra, k G Qq be a sink 
and T)u be the n-APR tilting module. Put T := EndA(Pfc)- 

(1) Let X be a cluster-indecomposable A-module. Lf X 3= P^, then T^X is an inde- 
composable T-module and dim (T^~X) = U (dim X) . 

(2) Let Y be a cluster-indecomposable T-module. IfY^I^, then T^Y is an indecom- 
posable K-module and dim (TjTY) = i^(djmY). 

Proof. We only prove (1); the proof (2) is similar. By Proposition 13.71 it is enough to 
show X G Po(Pfc)- We have shown this in Lemma I2.1U1 □ 

Next we deal with n = 2 for later use. We note that, if gl. dim A < 2, then q\ is given 
by the Tits form |B2j and it can be characterized in terms of a quiver with relations. 



Lemma 3.9. Let A = KQ/(R) be a 2-representation-finite algebra with a minimal set R 
of relations, k G Qo be a sink and T/. be the 2- APR tilting module. Put T := EndA(Pfc)- 

(1) We have qr{x) = q\(5kx). 

(2) If x is a root of q\ , then t^x is a root of qr- 

Proof. Since gl. dim A < 2 and gl. dimT < 2, we can describe q\ and qr by the 
Tits forms. Then because k is sink, we have 

QA(x) = ^ xj - ^ X s(a) x k + ^ X s(r) x k + «, 

igQo aeQi rG-R 

e{a)=k e(r)=k 

where a has no term containing Xk- Let (Q' , R') be the quiver with a minimal set of 
relations satisfying KQ'/(R') = T. Then by [101, Theorem 3.11] (cf. Proposition 
16. 3p . we have 

<?rO) = xj + X e{r) X k - ^ X e(a) x k + a 

ieQo reR' aeQ[ 

s{r)=k s(a)=k 

= ^2 x i~ X s(a)(~ x k)+ ^ x s(r)(- x k)+a. 

ieQo aeQi reR 

e(a)=k e(r)=k 

Thus the first statement follows. Moreover it is well-known that q^isix) = q\(x) 
for any i G Qo- Then, by the first assertion, we obtain qr(tkx) = q\{5ktkx) = 
QA(skx) = q\(x) = 1. 

□ 
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Example 3.10. Let A be the algebra of Example 13.41 and put T := EndA(Ti) (the quiver 
and relations are given in Example 12.131 (2)). We have the Euler form of A 

<2A(x) = xf - X\%2 - X 2 X-i - X2X4 - X 3 X 5 - - X 5 XQ + X1X4 + x 2 x 5 + 2 4 2 6 . 

i€Qo 

Then since qr(x) = q\(Six), we have the Euler form of T 

qr(x) = xj + X1X2 - x 2 x 3 - X2X4, - x 3 x 5 — x 4 x 5 - x 5 x 6 — xix 4 + x 2 x 5 + x 4 x 6 . 

For example, e 4 is one of the roots of qA{x). Then for the reflection transformation 

/l -1 1 0\ 
/ 1 \ 

t\= [j [] 0100 ' ^ ie4 ^ s a ^ so a ro °* °f Qr( x )- 



4. Cluster-roots determine cluster-indecomposable modules 

In this section we investigate relationships between cluster-indecomposable modules and 
cluster-roots in more detail. In particular, we show that cluster-indecomposable modules 
can be obtained from simple modules by applying a sequence of the reflection functors. 
As a corollary, we give a complete description of cluster roots in terms of reflection trans- 
formations. We prove that cluster- indecomposable modules are uniquely determined by 
their dimension vectors. 

Throughout this section, let A = KQ/(R) be an n-representation-finite algebra with 
an admissible numbering (1 . . . /). As we have seen, we have n-APR tilted algebras A 1 := 
A, A 2 := End^i(Ti), . . . , A l+l := End^l]). We denote by U the reflection transformation 

(i) 

over A* and denote by P- the A*-module Pj for i E Qq. We write 



T+ := Hom Ai (Ti, -) : mod A* -> mod A m , 
Tr := - <g) Al+ i Ti : modA i+1 -> modA^, 

and we write 

ET+ := MHom A i(Ti, -) : P 6 (mod A*) -> £> b (mod A m ), 
LT7 := - A » +1 Ti : P 6 (modA i+1 ) -> D 6 (mod A*). 
First we give the following easy observation. 
Lemma 4.1. We have isomorphisms 



>„"J? 



Vn{T~P) l >) (j 



Proof. We only prove the first statement; the proof of the second one is similar. By the 
definition, we have pj l+1 ) = Hom A i(Tj, Pj^) for j ^ i and = Hom A i(Tj, t~P^). 
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Assume that j ^ i. Then we have 

- 1 \ n * j 



ITffapV) = */-(RT+(pf )) 



- ^~(T+(pf)) (Ext^Pf ) = 0,m>0) 

Assume that j = i. Then since P^ is not an injective A*-module, we have v~Pj 
T^Pj by Proposition 12.51 (6). Thus we obtain 

RT+(i/-i>«) = RT+(r-pf ) 

- T+(r-pf) (Ext^(r i ,r-Pf ) ) = 0,m>0) 



p(i+i)_ 



□ 



Then we give the following fundamental property of n-representation-finite algebras. 
This proposition explains the reason that the algebras return to the original algebras by 
n-APR tilts in example 12.131 

Proposition 4.2. We have an isomorphism A l+1 = A. 

Proof. By applying Lemma |4TI repeatedly, we obtain A m = RTj + . . . RT^ {y ~A). Then 
since RT+ and v~ are equivalences, we obtain 

A /+1 ^ End Ai+ i(A /+1 ) 

* End 2>(A) (RT+...RT+(i/-A)) 

* End2, (A) (i/-A) 

* End c(A) (A) 
= A. 

□ 

The next lemma is analogous to |APRl Proposition 2.6], which gives a relationship 
between the indecomposable injective modules over A 1 and A 4+1 . 

Lemma 4.3. Fix a vertex i £ Qq. Let ...,//} be a complete set of the indecomposable 
injective ^-modules. Then {T+(Ji), . . . , T+(ii_i), Ext£(T;, Pi), T+(/ i+1 ), . . . , Tt(J,)} is 
a complete set of the indecomposable injective A 4+1 -modules. 

Proof. Let j £ Qo be a vertex with j ^ i. Then we obtain A ,+1 -module isomorphisms 

T+&) = Hom Al (T,, J D(A i e J )) 

= D((Tj ej ). 

Moreover, we get 

(Ti)ej Hom Ai (e i A i ,Ti) 

= Hom A ,+i (Hom A i (T i} ejA 1 ), Hom A , (T*, Tj)) 
^ Hom Al+ i( ei A i+1 ,A +1 ) 
A i+1 ei -. 
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Thus we obtain Tf(Ij) = D(A l+1 ej) as A* +1 -modules. Then, together with Proposition 
12,81 the statement follows. □ 

Then we give the descriptions of all projective modules and injective modules in terms 
of reflection functors as follows. 

Proposition 4.4. (1) Let Pi be a projective A-module. Then Pi is isomorphic to 
Ti . . .T^_ 1 (Si), where Si is the simple projective A 1 -module. 
(2) Let Lj be a injective K-module. Then Lj is isomorphic to . . . T~j~ +l (Sj), where 
Sj is the simple injective A J+1 -module. 

Proof. (1) Let h € Qo be a vertex such that h < i. Then since we have P^ = 

Hom^,^,^- 1 ') = T+^if we have <* T^T+^P^)) = 

p9 l ^ by Corollary 12. Hi Applying this process repeatedly for any h < i, we have 
the assertion. 

(2) By Proposition 14.21 we have A l+1 = A. Then the proof is similar to that of (1) by 
Lemma 14.31 

□ 

As a corollary, we will show that the Coxeter transformation can be described as a 
composition of reflection transformations. 

Corollary 4.5. Let $ be the Coxeter transformation. Then we have $ = ti . . . t\. 

Proof. It is enough to show that $(dimR;) = ti . . . ti(dimP;) for any i € Qo- By Lemma 
12.21 we have 

$(dimPi) = (-l) w dim7,-. 
On the other hand, by Corollary 13.81 and Proposition 14.41 we have 

k-.-hidhnPi) = ti.-MtJ 1 ■■■ t i-l e i) 

— H • • • ti&i 

= (-l) n ti...t i+1 ei 
= (-l) n dimli. 

□ 

Next we give a relationship between reflection functors and n-AR translations. 

Lemma 4.6. We have an isomorphism r~A = TJ~ . . . TrJTj), where T\ is the n-APR 
tilting A 1 -module. 

Proof. We denote by \J { := (©Jlj Pf) ® r~{@ l j=i pf ] ). Note that we have U x = t~A 
and Ui =T\. Then it is enough to show that 

I7i_i = Tr.Ui, 

for any i & Qo with i > 1. First, for a vertex j € Qo such that j < i — 1, we have 

p (i-i) ^ TT^pp by Corollary ET[J Similarly, for j = we have r-pj i-1) T^P®. 
Next, let j € Qo be a vertex such that j >i. 
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(i) Assume that is not injective. Then since we obtain t~Pj = v~Pj by 
Proposition 12.51 (6), we have 

T^ir-pP) = H^LTr^v-pP)) 

^ H {v-Pf~ 1] ) (Lemma E|) 



n 3 
T-P^. 



' n 



(ii) Assume that JP- is injective. Then by Lemma 14.31 Pj l ^ is also injective. There- 
fore we have T~Pj® = and t~Pj 1 ^ = 0. 

Consequently, we get r~pf~ l) T^r-Pp) for j > i. Thus we obtain Ut-t T^^, 
for i G Qo and the statement follows from the inductive step. □ 

Now we define the Coxeter functors by 

C+ := T+ . . . : mod A -> mod A, 

C := T7 . . . iy : mod A -)• mod A. 

Then we explain the interplay between n-AR translations and the Coxeter functors. 
We remark that C + , C do not depend on the choice of an admissible numbering by the 
following result, which is an analogous result of [APR]. 

Proposition 4.7. (1) There exists an isomorphism C + X = r n X for a A-module X. 
(2) There exists an isomorphism C~X = t~X for a A-module X . 

Proof. (1) We have isomorphisms 

T+...T+(A) Hom A i(r I) Hom A! -i(r I _i,---(Hom A (ri J X)---) 
Hom A (T I ® Al ...® A3 ri,X) 
Hom A (Tr...T i l 1 (T 1 ),I). 

Then, by Lemma 14.61 we have C + A = Hom A (T~A, X). 

Moreover we have HoniA(r^A, A) = by Proposition 12.51 (4). Thus we get 
Hoixla(t~A, X) = Hom A (r~A, X). Then, using Proposition 12.51 (3). we obtain 

Hom A (r~A,X) = Hom A (r~A, X) 

- DExtX(X,r n (r-A)) 

= D Ext\(X, A/ 1) (I : injective modules of A) 
DExt^(X, A) 

= T n X. 

(2) We have isomorphisms 

D{T~ ...T7(X)) S Uom K (Ti ...T7(X),K) 

^ Rom K (X ® A!+1 T t ® A i . . . ® A 2 T\,K) 

^ Hom A (A, Hom x (T; ® A , . . . ® A a Ti, if)) 

^ Hom A (A, Hom x (T^ . . . T~ ^T,), if)). 

By Lemma SSI we have D(C"A') Hom A (A, D(r~A)) Hom A (A, r n (DA)). 
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Then, similarly we obtain 



D HoniA [X, r n (DA)) Z)Hom A (A, r n (L>A)) 

- Extl(T-(T n (DA)),X) 



ExtK(DA) /P, X) (P : projective modules of DA) 
Extl(DA,X) 



TnX. 



□ 



Thus if X is projective (injective, respectively), then we obtain C + X = r n X = 
(C~X = t~X = 0). The reason also follows from Proposition 14,41 

Consequently, we show that any cluster-indecomposable module can be obtained from 
a simple module by applying a sequence of reflection functors. This is a generalization of 
[BGPl Corollary 3.1]. 

Corollary 4.8. Let X be a cluster-indecomposable A-module. 

(1) There exists an integer u > and i € Qo such that X = C~"T^ . . . T^ 1 (5j), 
where Si is the simple projective A 1 -module. 

(2) There exists an integer v > and j € Qo such that X = C^T^ . . . Tj" +l (Sj), where 
Sj is the simple injective A J+1 -module. 

Proof. We only prove (1); the proof of (2) is similar. By Proposition l2.5l f5) and Proposition 
14. 7\ there exists an integer u > such that C U X ^ and C U+1 X = 0. Hence there exists 
i e Qo such that T+ X T+ 2 . . . T+C U (X) ^ and T+T+ i . . . T+C"(X) = 0. 

Thus, we obtain . . . TfC u (X) = Si, where Si is the simple projective A*-module. 
By applying Corollary [2TTT] repeatedly, we have X =S C~ U T^ . . . Tr ^S;). □ 

Remark 4.9. By Proposition SU . . . T'^Si) (T+ . . . T+ +1 {Sj) , respectively) is a 
projective module (injective module). On the other hand, the Coxeter functors C + ,C~ 
give re-AR translations r n , t~ by Proposition 14. 71 Thus Corollary [5]8] rephrases Proposition 
12.51 (1) in terms of reflection functors. 



As a corollary of the previous results, we give the descriptions of cluster-roots in terms 
of reflection transformations as follows. 

Theorem 4.10. We denote by p« = t^ 1 . . . t^_-,ei, = t\ . . . tj+iej and c = ti . . .t±. 

(1) Any cluster-root can be written as c~ u pi for an integer u > and i £ Qo- 

(2) Any cluster-root can be written as c v (\j for an integer v > and j G Qo- 

Proof. We only prove (1); the proof (2) is similar. Let x be a cluster-root. By definition, 
we can take a cluster-indecomposable module X such that dim X = x. By Corollary 14.81 
there exists an integer u > and % € Qo such that X = C~ U TJ . . . Tr_ 1 (5j). Then, 
applying Corollary 13.81 repeatedly, we obtain dimA = c~ u t^ . . . tj 1 ( dim 5',;) = c~"pj. □ 

Example 4.11. Let A be the algebra of Example 13.41 (the quiver with relations of A* is 
given in Example 12.131 (2)). Then we have 
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Thus we have 
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We can check that and pi coincide with $~ and dimPj, respectively. This follows 
from the results of Proposition 14.41 and Corollary 14.51 
Finally, we give the following theorem. 

Theorem 4.12. LetA = KQ/(R) be an n-representation- finite algebra. Cluster-indecomposable 
modules are uniquely determined up to isomorphism by their dimension vectors. 

Proof. Assume that X and Y are cluster-indecomposable A-modules such that dimX = 
dhnY. By CorollaryO there exists an integer u > and i <E Q such that Tf_ ± . . . T|C U (A) = 
Si, where Si is the simple projective A*-module. Note that u, i are minimal integers with 
this property, that is, T^_ 1 . . . TfC v (X) is not isomorphic to the simple projective module 
Sj if vl + j < ul + i. By Corollary 13.81 we have 



dm(Tt_ 1 ...T+C u (X)) = u 



-i ...Uc u (dimX) 
■i ...hc u (dimY) 



where c = tj . . .t\. Thus we have e^ = t%—\ . . . iic u (dimY). 
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Then we obtain that Si — Tf__-^ . . .TfC u (Y). Indeed, by the minimality of u, i, 
T^"_ 1 . . . TfC v Y is cluster-indecomposable if vl + j < ul + i by Corollary 12.111 and the 
assertion holds. Thus, we have 

T+_ ! • • • T+C M (X) ^ Si T+ 1 . . . T+C"(F). 
Again by Corollary EHJ we obtain X ^ C~"T^ . . . TT^Si) = Y. □ 

5. A CRITERION FOR CLUSTER-ROOTS 

In previous sections, we investigate some properties of cluster-roots. As we can observe 
in Example 15.41 not all positive roots are cluster-roots. Therefore it is important to 
characterize cluster-roots. We will show in Theorem 15.21 that cluster-roots have the 3>- 
sign-coherent property and, if n is even, cluster-roots are ^-positive. Then we conjecture 
that the converse is true for n = 2. We remark that the structure of 2-representation-finite 
algebras is investigated in [HI2J (see also |I02| ). 

First, we introduce the following notion. 

Definition 5.1. Let A be an n-representation- finite algebra and $ be the Coxeter trans- 
formation of A. We call x E Z Q -sign- coherent if <3? m (x) £ Z> or Q m (x) £ Z< for any 
m £ Z and call x € l) § -positive if <fr m (x) £ Z> for any m € Z. 

By Proposition 13.51 the Coxeter transformation has finite order. Therefore <3?-sign- 
coherent (^-positive) property can be checked by finitely many calculations. 
Then we have the following consequence. 

Theorem 5.2. Let A be an n-representation-finite algebra. Then cluster-roots are ^-sign- 
coherent. Moreover, if n is even, then cluster-roots are ^-positive. 

Proof. For any non-projective cluster-indecomposable X, we obtain <£( dim A) = dim(r n A) 
by Lemma f3.ll Thus, we have $(dimA) G Z> . On the other hand, for an indecomposable 
projective module Pi, we have (frf dim i-j) = (— l) n dim/j by Lemma [2. 2 1 Thus the statement 
follows. □ 

Now we pose the following conjecture. 

Conjecture 5.3. Let A be a 2-representation-finite algebra. Then ^-positive roots are 
cluster-roots. 

In this section, we consider this conjecture. 

Example 5.4. Let A be the algebra of Example 13.41 Then the Euler form q\ was given 
in Example 13.101 and all positive roots of q\ are given as follows 
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Then we can verify that they coincide with cluster-roots given in Example 13.41 

Remark 5.5. It is known that, for a Dynkin quiver, all roots are either non-negative roots 
or non-positive roots (see for example |ASS|, VII. Lemma 4.8]). Hence all roots are <3?-sign- 
coherent, and positive roots correspond bijectively with the indecomposable modules by 
Gabriel's theorem. 

Remark 5.6. For the case n > 2, the ^-positive property is not enough to characterize 
cluster-roots. For example, let A be the 4-representation-finite algebra given in Example 
12.131 (1). Then one can check that dim .S'a = e3 is a ^-positive root of q\, while it is not a 
cluster-root. 

Throughout this section, unless otherwise specified, let A = KQ/(R) be a 2-representation- 
finite algebra with an admissible numbering (1 . . . /) and a minimal set R of relations. We 
denote by A i+1 := End Al (Tj) the 2- APR tilted algebras for i G Q . 

The aim of this section is to show the following theorem. 

Theorem 5.7. Let A be a 2-representation-finite algebra. If A 1 is representation- directed 
(Definition \5.13\) for any i G Qo, then Coniecture \5.3\ is true. 

As a corollary, we give the following. 

Corollary 5.8. Let A be a 2-representation-finite algebra. If A is iterated tilted, then 
Conjecture \5.°A is true. 

In this case, using Bongartz' theorem (Theorem 15. 14|) . we have the following correspon- 
dence. 

{Indecomposable modules} < — > {Positive roots} 

U U 

{Cluster-indecomposable modules} -f— V {^-positive roots} 
We give some properties of ^-positive roots. We start with the following easy lemma. 

Lemma 5.9. Let A be a 2-representation-finite algebra, be the Coxeter transformation 
and ti be the reflection transformation of A 1 for i G Qo- For i e Z', the following 
conditions are equivalent. 

(1) x is ^-positive. 

(2) U... ti$ m (x) G Z> for any i G Q and m G Z. 

Proof. Clearly, (2) implies (1). Assume that ti . . . t\<& m (x) £ Z> for some i G Qo and 
m G Z. Then there exists p G Qo such that (U . . . ti<& m (x)) p < 0. 

We assume that p < i. By Corollary 14.51 we have $ = t\. . .t\. Then since tj changes 
the only j-th coordinate, we have 

($ m+1 (x)) p = (t, . . . t i+1 (ti . . . ti^ m (x))) p < 0. 

Similarly, if p > i, then we have ($ m (x)) p < 0. Thus (1) implies (2). □ 

Next we give a bijection between <I> A i -positive roots of q^i for i G Qo- I n particular, this 
is given by reflection transformations. This is an analogue of a bijection between cluster- 
indecomposable modules of mod A\ which is given by reflection functors (Corollary 12. lip . 
Thus next proposition implies that ^-positive roots behave like cluster-indecomposable 
modules. 
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Proposition 5.10. We have the following bijection for any i G Qo 

-positive roots of q^} {<J ) a»+i -positive roots of q^i+i} 

given by 

Proof. We only have to show for i = 1. Let x be a -positive root of q^i- We will show 
that t\x is a $ a 2 "Positive root of g^ 2 - By A 2 = End-A(Ti) and Proposition 14.21 we have 
<3?A 2 = t\ti ■ ■ ■ *2- Since x is a <l>Ai-positive, we have 

(x) = (t, . . . ti) m (x) = t, . . . ia^^iix) G Z'> 

for any m £ Z. Then by Lemma 13.91 and Lemma 15.91 iix is a <3?A 2 ~P° s iti ve r °°t of q^. 
Similarly, for a <3? a 2 -positive ro °t 2/ °f <2A 2 > we can show that i7/y is a <I>ai -positive root. 
This implies the assertion. □ 

As a corollary, we obtain the following result. 

Corollary 5.11. If Conjecture 1 5. °A is true for A, then it is also true for A 1 for any z G Qo- 

Proof. We only have to show for i = 2. Let y G Z' be a ^a-positive ro °t °f 9a 2 - It 
is enough to show that there exists a cluster-indecomposable A 2 -module Y such that 
dnnY = y. By Proposition 15.101 there exists x G Z' such that y = tix, where x is a $a 1_ 
positive root of q^i . On the other hand, there exists a cluster-indecomposable A-module 
X such that dim A = x by the assumption. First, assume that x 7^ ex, that is, A ^ Pi. 
Then, by Corollary 12.111 and Corollary 13.81 we have a cluster-indecomposable A 2 -module 
T^AT such that dim (Tj~A") = t±x. Next, assume that x = e\ and hence t\x = e\ = y. 
Since the vertex 1 is a source of the quiver of A 2 , we have the simple injective module I\ 
and dim/i = y. □ 

Next, for the proof of Theorem 15.71 we prove the following key lemma. 

Lemma 5.12. Let A = KQ/(R) be an n-representation-finite algebra and X be an in- 
decomposable A-module. For any integer u > and i G Qo, if T^Lj . . . T 1 "C U (A) is 
either in J~o(Ti) or isomorphic to the simple projective A 1 -module Si, then X is cluster- 
indecomposable. 

Proof. First we will show that there exists an integer v > and j G Qo such that 
IjLj . . . TfC v (X) is isomorphic to the simple projective A^-module Sj. 

By Proposition 12.51 (5) and Proposition 14.71 we have C V+1 (X) = for a sufficiently 
large v > 0. Thus there exists an integer v and j G Qo such that T+_ x . . . TfC v (X) ^ 
and T+T+_ x . . . T+C^(A) = 0. Hence we obtain T+_ x . . . T+C^A) ^ Sj. 

Then, because we have T+_ 2 . . . T+C^(A) G Jb(^-i), we get T+_ 1 T+_ 2 . . . T+C^(A) G 
Afo(T^-i) by Lemma 12.91 Therefore we have 

TJ-^i = TT_ 1 (T+_ 1 T+_ 2 . . . T+C"(X)) - T+_ 2 . . . T+C"(X). 

Applying this process repeatedly, we get X = C~ V T^ . . . Tj ^Sj). Hence by Corollary 
12.111 A" is a cluster-indecomposable A-module. □ 



Next we introduce the following notion. 
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Definition 5.13. Let A be a finite dimensional algebra. A path in mod A is a sequence 

Xq Xi — > ■ ■ ■ — > X c -i X c 

of nonzero non-isomorphisms fi, ■ ■ ■ , f c between indecomposable A- modules Xq, . . . , X c . A 
path in mod A is called a cycle if Xq = X c . An algebra A is called representation- directed 
if there is no cycle in mod A. 

We recall an important theorem of representation-directed algebras. 

Theorem 5.14 (Bongartz). Let A be a representation- directed algebra with gl. dim A < 2 
and q\ be the Euler form of A. The map X i— > djmX gives a bijection between the 
isomorphism classes of indecomposable A-modules and the positive roots of q\. 

Next lemma plays an important role to prove Theorem 15.71 

Lemma 5.15. Let A be a 2-representation-finite algebra and x £ l) be a ^-positive root 
of q\. Assume that A is representation-directed. Then there exists an indecomposable 
A-module X such that djmX = x. Moreover, X satisfies one of the following conditions. 

(1) x e Jb(Ti). 

(2) X ^ Pi. 

Proof. By Theorem l5.14l there exists an indecomposable A-module X such that djmX = x. 
We assume that X ^ Pi and show that X S J-"o(Ti). 
First we have 

(U (dimX))i = - dimXd + (dim X, ei ) + (ei , dimX) 
= (dimX,ei) 
= (-l) 2 ($-( ei ),dimX) 
= ( dim (r~P| ), dim X) 

= ^(-lydimExtiCr-p^X). 

i>o 

Then by Lemma I2.21 we obtain 

(iiz)l = dimHom A (r 2 _ Pi,X) - dim Ext A (tvT P x , X) + dimExt A (T 2 ~Pi,X). 

By Proposition 1231 (3), we obtain Ext^O^Pb X) = £>Hom A (X, P x ). Therefore we have 
dimExt A (r2~Pi, X) = since P\ is a simple projective A-module. 

Now we assume that X ^ Po(^i)- Then we have dimExtJ^r^Pi, X) ^ 0. Because we 
have Ext A (r2~Pi, X) = DHoitia(X, t(t 2 _ Pi)), there exists a path from X to r(r 2 _ Pi). 

On the other hand, t 2 ~~Pi is an indecomposable module, which is not projective by 
Proposition 12. 51 Therefore we have an almost split sequence 

-> t(7vTPi) -> * -> t 2 P x -> 0. 

Hence there exists a path from t(t 2 ~~Pi) to t 2 ~Pi. 

Then since A is representation-directed, there is no path from r^Pi to X and we get 
dim Hom A (t 2 ~ Pi , X) = 0. Consequently we have (tix)i < 0, which contradicts the fact 
that x is ^-positive by Lemma 15.91 □ 

Then we give the proof of Theorem 15.71 
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Proof. Let x G Z be a ^-positive root of <7a- By Theorem l5.14l there exists an indecompos- 
able A-module X such that dimX = x. We will show that X is a cluster-indecomposable 



module. It is enough to show that X satisfies the condition of Lemma 15.121 

If X = Pi, then there is nothing to show. If X ^ P±, then we have X € J-q(Ti) by 
Lemma 15.151 Then by Proposition 13.71 TfX is an indecomposable A 2 -module and we 
have dim (Tf X) = t\x. By Proposition 15.10] t\x is a <J> a 2 -positive root of q^2 and we can 
apply Lemma 15.151 again. Thus X satisfies the condition of Lemma 15.121 and hence X is 
a cluster-indecomposable A-module. □ 



Then Corollary 15.81 follows immediately from this result. 

Proposition 5.16. Let A be a 2-representation-finite algebra. If A is iterated tilted, then 
A 1 is representation- directed for any i £ Qq. 



Proof. By [I02|, Theorem 3.12] (see also [Rin2j), A is derived equivalent to a path algebra of 
a Dynkin quiver. Therefore A and hence A 1 are representation-directed for any i £ Q$. □ 

Example 5.17. (1) Let A = KQ/(R) be the 2-representation-finite algebra given by 
the following quiver with relations. 



Q 




R = {cic 2 - b 5 b4b 3 b 2 bi,biai}. 



This algebra is iterated tilted by [102, Theorem 3.12]. 

Then there are 57 indecomposable A-modules, and their dimension vectors give 
the following complete list of positive roots of q\ 
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Moreover there are 22 cluster-indecomposable A-modules, and their dimension 
vectors give the following complete list of ^-positive roots. 



ooooi 
oooooo 
o 

ooioo 

000111 

o 

ooooo 

100000 

1 



/ 00010 

oooooo 

V o 

/ 01000 
001111 

V o 
ooooo 

111110 




00100 

oooooo 



10000 
011111 


ooooo 

111100 




/ 01000 

oooooo 
V o 
ooooo 
linn 
1 

ooooo 

111000 




10000 

oooooo 



00010 
000010 


ooooo 

110000 




00001 
000001 


00100 
000100 


ooooo 

100000 




00001 
000001 

1 

01000 
001000 




00010 
000011 


10000 
010000 




21 



YUYA MIZUNO 



(2) Let A be the 2-representation- finite algebra given as an Auslander algebra of Aq. 
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In this case, there exist infinitely many indecomposable A-modules and infinitely 
many roots of q\. However, by Theorem 14.101 one can see that there are 56 
cluster-roots. On the other hand, one can see that there are 56 <I>-positive roots, 
for example, by Mathematica and they correspond bijectively to the cluster-roots. 



6. Quivers of n-APR tilts and reflection functors 

One of the important features of APR tilting modules over a path algebra is that we 
can describe the quiver of its endomorphism algebra. More precisely, the new quiver is 
obtained by reversing the arrows adjacent to the sink of the original quiver [BGP, APRJ. 
In this section, we provide a generalization of this result to n-APR tilting modules and 
give an explicit description of n-APR tilts by quivers with relations. Moreover, using this, 
we introduce reflection functors by linear representations of quivers. 

Throughout this section, let A = KQ/{R) be a finite dimensional algebra with a minimal 
set R of relations. Let k £ Qq be a sink admitting the n-APR tilting module Take a 
minimal injective resolution of Pk 

P k ^ 1° *~ . . . I n_1 I n 0. 

Then, by |I01| Theorem 3.2], we have a minimal projective resolution of T~P k 

(i) »- P° >■ . . . pn-l P n T -p k _ Q) 

where P % = u~(P) for < i < n. Note that we have P l E add(A/Pfc) for 1 < % < n since 
Pk is a simple projective A-module. 

We decompose P n ~ l and P n into direct sums of indecomposable modules and denote 
them by ©5 e # Pi b and © ce( 7-Pi c , respectively. We denote the morphism a by (a c b) c b : 
(BbeB ~~ ^ ©cec Pic an< i we define new arrows a* : k — > i c for each c G C. Then we give 
the following definition. 

Definition 6.1. Under the above set-up, we define a new quiver with relations (Q' ,R') = 
ak(Q,R) as follows. 

(1) Q' = Qo 

(2) Qi = {a G Qi | e(o) ^ k} \J{ a*:k^i c \ce C}. 

(3) R>={° ifn = 1 

\{r€R\e(r)^k}]J{EceC a c a cb\beB} if n > 1. 

Similarly, for a source k admitting the n-APR co-tilting module, we define a~j~. 

Note that if n = 1, Q' is obtained just reversing the arrows and if n = 2, (Q',R') is 
determined by a simple method (cf. [10 1} section 3.3]). 
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Example 6.2. (1) Let A = KQ/{R) be the algebra given by the following quiver with 
relations 

ai - 3 



1^2^ 

4, R = {a 1 a 3 ,a 2 a 3 }. 

Then Pi admits a 2-APR tilting module and we have the following projective 
resolution 

>• Pi P 2 ^ P 3 P 4 ^ T-jfPi ^ 0. 

Then (Q',R') = o~\(Q,R) is given as follows 
J^, ^ 3 

— ^4, R' = {b 1 a 1 ,b 2 a 2 }. 
(2) Let A = KQ/(R) be the algebra given by the following quiver with relations 

1 — 2 5 

b2 4, ° 2 R = {bia, b 2 a, c\bi - c 2 b 2 }. 

Then Pi admits a 3- APR tilting module and we have the following projective 
resolution 

- Pi - P 2 - P 3 e P 4 — - p 5 — - r 3 -Pi > 0. 

Then (Q',R') = o\(Q,R) is given as follows 




R' = {dci,dc 2 ,cibi - c 2 b 2 }. 
Then we give the following proposition. 

Proposition 6.3. Let A = KQ/(R) be a finite dimensional algebra with a minimal set 
R of relations. Assume that k S Qq is a sink admitting an n-APR tilting module and 
(Q',R') := ak(Q,R)- Then there is an isomorphism EndA(Pfc) = KQ'/(R') and R' is a 
minimal set of relations. 

In this proposition, if KQ/(R) is n-representation-finite, then so is KQ' j(R') by Propo- 
sition [2T8] (see Example 12. 13[) . Note that the proof was given by |IOH Theorem 3.11] for 
n = 2. Our proof is quite different. Let us start with recalling the following result. We 
denote by J\ the Jacobson radical of an algebra A and call an element of KQ basic if it 
is a linear sum of paths in Q with a common start and a common end. 

Theorem 6.4. [BIRS, Proposition 3.1, 3.3] Let Q be a finite connected acyclic quiver and 
r be a basic finite dimensional algebra. Let (j) : KQ — > T be an algebra homomorphism and 
R be a finite set of basic elements in Jkq- Then the following conditions are equivalent. 
(1) 4> is surjective and Ker<^> = / for the ideal L = (P) of KQ. 
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(2) The following sequence is exact for any i £ Qq 

© W r))r^l © (MaW^^^)Jr -0. 

rER,s(r)=i a£Qi,s(a)=i 

Then we give a proof of Proposition 16.31 

Proof. Take the minimal projective resolution |[]) and follow the previous notations. We 
write r := EndA(Tjfc). We denote by <f> the natural surjective map KQ — > A, which gives 
Ker0 = (R). Then we define an algebra homomorphism <j)' : KQ' — > T as follows. 

(a) For i £ Q' , denote the canonical projection by 7Tj : Tf, — > Pi for i ^ k and 
7Tfc : Tfc — > T~Pk, and denote the canonical injection by ti : Pi — > Tf, for i ^ k and 
if. : T~Pk — > Tfc. Then, we define (ft'i = Liiti € T, which gives an idempotent of T. 

(b) For o G Qi n Qi, define 4>'a = (f>a. For a* with c G C, define 

0'((a c *) cec ) = (3 G Hom A (0 Pi c ,r-P fc ), 

ceC 

where /3 is given in (JTJ> . 

Take a vertex i £ Qq with i ^ k and let be the simple A-module. Then we have a 
minimal projective presentation of Si as follows 

(h) © Pe(r)^ © Pe { a) JL ^P l * S 0. 

r£R,s(r)=i a£Qi,s(a)=i 

Then by Proposition |IOH Theorem 3.16], we have a projective presentation of a simple 

T-module £f 

(iii) 

Hom A (T fc , © P e(r) )-^Hom A (r fc , © P e(a) ) ™+ Hom A (T fe , P t ) Sf 0, 

rdR,s(r)=i aGQi,s(a)=i 

and of a simple T-module S£ 
(iv) 

Hom A (r fe , ® beB P ib ) Hom A (T fc , ceC P ic ) Hom A (T fc , t~ P k ) S T k 0. 

Note that we have Hoiiia (T k , ) = since P k is a simple projective module. Then 
by Theorem [631 tli e first statement follows. Moreover, ([m]) . (|rv]) are minimal projective 
presentations. Indeed, we have an equivalence add(Tfc) = proj(r), where proj(r) denote 
the category of projective modules of modT. Then if (jmj) . (|rv|) are not minimal, it implies 
that the sequence (Q),© are not minimal, which is a contradiction. Then by [BIRSJ, the 
second statement follows. □ 

Next, following |BGP| , we define reflection functors in terms of linear representations. 
First we recall basic results. Let A = KQ/(R) be a finite dimensional algebra and denote 
by rep^-(Q, R) the category of finite dimensional iT-linear representations of Q bound by 
R (refer to [ASS] for the precise definition). Then we recall the following fundamental 
theorem. 

Theorem 6.5. Let A = KQ/(R) be a finite dimensional algebra. There exists a K-linear 
equivalence of categories 

F : mod A -> rep K (Q,R). 
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Recall that the functor F associates with any A-module M the representation FM = 
{(FM)i,<pa)ieQ ,aeQi, where (FM)i = Ma for i G Q and the if -linear map <p a : Ma -> 
Mej for a : i — > j in Qi is defined by x H- ia for x G Me«. 

Definition 6.6. (I) Let A = KQ/{R) be a finite dimensional algebra, k G Qo be a sink 
admitting the ra-APR tilting module and (Q', R') := <Jk{Qi R)- We define the reflection 
functor 

Q+ :vep K (Q,R)^iep K (Q',R') 

as follows. 

Take the minimal projective resolution (jl]) and follow the previous notations. For an 
object X = (Xi, <p a ) in iep K (Q, R), we define the object Qt(X) = (AT-, tp' a ) in rep^(Q', R') 
as follows. 

(1) X[ = Xi for i ^ k, whereas X' k is the kernel of the if- linear map 

{<£a cb )a cb '■ ^^Xi c — > ^^X{ b , 

c&C beB 

where (p acb is defined by tp a for a G Q\ naturally . 

(2) tp' a = ip a for all arrows a : i — > j in Q\ with j ^ k, whereas, for a*. : k — >• i c in Q[, 
define (p a * : X' k — )■ Aj c by the composition of the inclusion of A£ into © cg( ^ -^ic 
with the projection onto the direct summand Aj c . 

Next let / = (fijieQo '■ X — > Y be a morphism in rep^(Q, R), where X = (Xi,tp a ) and 
Y = (Yi,ip a ). We define the morphism 

Q* CO = /' = Wo : Qj!" W -> Qfe ( y ) 

in rep^((5', i?') as follows. For all i ^ k, we let / t ' = /j, whereas is the unique if -linear 
map, making the following diagram commutative 







(Q^CO)* 



5/c 



3/6 



beB 



(II) Let r = KQ' /{R') be a finite dimensional algebra, G Q' be a source admitting the 
ra-APR co-tilting module and (Q,R) := a^(Q',R'). We define the reflection functor 

Qfc : rep x (Q', i?') ->• rep x (Q, fl) 

as follows. 

We have a minimal injective resolution of T n Ik 







n-1 



1° 



0. 



We decompose I n and 7 n 1 into direct sums of indecomposable modules, and denote 
them by ceC /j c and @ b€B h b , respectively. We denote the morphism 7 by (<fa bc )a bc ' 



0, 



®beB^if For an object A' = (X^,</?^) in rep K (Q' , R'), we define the object 



Q k (X') = (Xi,(f a ) in rep K (Q,R) as follows. 
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(1) Xi = X[ for i ^ k, whereas is the cokernel of the ET-linear map 

foes etc 

(2) ip a = ip' a for all arrows a : i — > j in Q' with i ^ k, whereas, for a* : i c — >■ k in Q%, 
define <p a * : X^, — > X^ by the composition of the inclusion of X' ic into ceC 
with the cokernel projection onto X^. 

Next let /' = (fi)i&r '■ X ' -> Y ' be a morphism in rep x (Q', i?'), where X' = (X^'J 
and Y' = (Y? ,ift' a ). We define the morphism 

Q* (/') = / = (fiheQo ■■ Q k (X') -> Q k (Y') 

in iep K (Q, R) as follows. For all i ^ k, we let /j = whereas is the unique ET-linear 
map, making the following diagram commutative 



beB 



cec 



(<W))* 



o 



® (y afce )q b 
6eB ceC 



(Qfc (!"))* 



o. 



Example 6.7. Let A = KQ/(R) be the algebra given by Example I6.2I (2) and X be a 

representation of iep K (Q, R) given as follows 



<Pb, 



X 3 



X 2 



Then Q^(X) is given as follows 



V't; 



x 4 



^5 



x 2 



r>t>. 



X3 , 
Vd- 



X 4 



^5 



where X[ = Ker F for F : X 5 v > I 3 el 4 . 

Finally we give a relationship between QT, and := HomA(Tfe, — ), T~ := — <g>r?fc 
as follows. 

Proposition 6.8. Let A = KQ/(R) be a finite dimensional algebra and k £ Qo be a 
sink admitting an n-APR tilting module T k . We denote by (Q',R r ) := o~k(Q,R) and 
r := KQ'/{R'). Then we have Q+ o F ^ F' o T+ on F {T k ) and Q k o F' = F o on 
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Xo(Tk), where F and F' are the category equivalences. 



mod KQ/(R) 



rep K (Q,R) 



mod KQ'/(R') 



F' 



Q 



rep K (Q',R') 



mod KQ/(R) 



rep K (Q,R). 



Proof. We only prove that o F = F' o ; the proof of the second statement is similar. 
Let X be a A-module with X £ Fo(T k ). Take a vertex i ^ k. Then we have 

(F , Itom A (T k ,X)) i {}iom A {T k ,X))e i 

* Homr( ei r,Hom A (r fc ,X)) 

^ Hom r (Hom A (T fc ,ejA),Hom A (T fc , JQ) 

= Hom A (ejA,X) (Lemma [23 



= Xe t 

= (FX)i 

- (Qt(FX))i. 

On the other hand, if i = k, we have 

(F'Rom A (T k ,X)) k (Rom A (T k ,X))e k 

= Hom r (e fc r,HomA(T fc ,X)) 

= Homr(HomA(r fc ,r^P fc ),Hom A (r fc ,X)) 

^ Hom A (T~P fc ,X). (Lemma ESJ) 

By applying Hom A (— ,X) to the minimal projective resolution (ji]), we have following 
commutative diagram 



Hom A (r-P fc , X) Hom A ( P ic ,X) -^3- Hom A ( P ib , X) 

\ cdC beB 



-(Qt(FX)) k . 0(FXk 0(FX) lb 

ceC b£B 

Hence we have (Qt(FX)) k = (F' Hom A (T k , X)) k as a if -vector space. Then one can 
easily check that it induces an isomorphism of representations Q^F(X) = F'T^(X) and 
it is easy to verify that the isomorphism is functorial. Thus we have o.F = F'oT^. □ 
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